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Problem

Preliminaries

&= f(t,x,u,v), teltg,], z€R” uvueP, veQ.

m The variable u denotes a control of the first palyer.
m The variable v denotes a control of the second player.
m The first player strives to maximize o1 (x(%0)).

m The second player strives to maximize oy (z(d)).



Conditions

P and () are compact sets.

f is continuous, locally lipschitzian with respect to z;
f satisfies the sublinear growth condition with respect to x.

Preliminaries

Functions o1, oo are continuous.
The Isaacs condition holds.

The sets {f(t,z,u,v) : u € P} are convex for all
(t,{E) € [to,ﬁo] x R™ v e Q.

The sets {f(t,z,u,v) : v € Q} are convex for all
(t,x) S [to,ﬁo] xR™ u e P.

If conditions 4—6 are not fulfilled, one can achieve them by using
the slide regimes.



Strategies [N.N. Krasovskii, A.I. Subbotin]

Positional Strategies

Pieibimiinosics m Strategy of the first player is U = (u(t,z,¢), 81(e1)). Here
u(t,x,e1) is a function of position and precision parameter 1,
B2(g) is upper bound of fineness of partitions.

m Strategy of the second player is V = (v(t,x,e3), B2(e2)).
Control formation
m The first player chooses partition Ay = {t/}]L,
(thy1 — 1)) < Biler). w(t) = u(t], z[tf],e1), t € [t),t),4).
m The second player chooses partition Ay = {t{/}, .
(thy1 — ti) < Ba(e2). o(t) = v(ty, z[t}],e2), t € [ty t)41)-



Bundles of Motions [Kleimenov, 1993],
IN.N. Krasovskii, A.I. Subbotin]|

Step-by-step motion x[t, t., x.; U, e1,A1; V, €2, Ag].
Preliminarios The set of step-by-step motions X (¢, z.; U, V,e1,¢e9).

The set of consistent step-by-step motions X¢(t., z.; U, V,e).
The set of ideal motions X (t., z.; U, V).

m The set of consistent ideal motions X¢(t., xz.; U, V).

n
n
m Consistent motion 1 = 9.
n
n

The function z[-] : [t., o] — R™, z[t.] = x, is called ideal motion
if there exist {(tx,zx)}, {eF}, {eb}, A¥, A% such that
fineness(A¥) < B3; (k) eF — 0, as k — oo, and

1‘[',t1€,1‘k; Ua EllcaAllc; ‘/7€]2€7A]2€] = x[]v k — oco.




Feedback Nash Equilibrium [Kleimenov, 1993]

The pair of strategies (U, V) is called Nash equilibrium
solution at the position (¢, x,) if the following inequalities hold:

Preliminaries

max{o1(z[9g]) : z[] € X (t., ., U, VV)} <

< min{oy (z°[00)) : 2°[] € X(ts, ., UN, VV)}.
max{cy(x[do]) : z[] € X (ts, 2., UN,V)} <

< min{oy(x°[W0]) : 2] € X(t, 2, UN, VV)}.



Feedback Nash Equilibrium

Preliminaries

The pair (o1(z[90]), oa(x[o])) for z[-] € X(ts, x; UN, V) is
called N-value.
Denote the set of N-values at the position (t.,x4) by N (ts, T«).

Property |[Kleimenov, 1993]: The set N (t.,.) is nonempty. Also
the set NV (t.,x4) can contain more than one pair.



Auxiliary constructions

The main Let U denote the set of all measurable function from [tg, Jg] to P;
et let V denote the set of all measurable function from [¢g, Pg] to Q.
Denote the solution of

= f(t,z,ut),v(t)), x(ts) =z«
by x (-, tx, Tu, 1, V).
We consider elements of P and @ as constant controls.



Programmed absorption operators,
|Chentsov, 1975], [Chentsov, 1976]

Let c(t,x) € C([to, Yo] x R™).
Definition.

The main Aqld)(t, ) & max Tg{lggﬂ} Lr’lel]r} e(r,x(7,t, z,u,v)),

t7 = i ’ ut7 s Wy .
As[c](t, x) max II[I?XO]HIIEC(T z(7,t, z,u,v))
Auxiliary definition.

Let (ts, zx) € [to,Y0] x R™. The set of solutions of differential
inclusion

z € co{f(t,z,u,v) :u€ PveQR}, z(ti) =«
denote by Sol(t., ).



Theorem 1

The set of N-values at position (t.,z.) is equal to the set
{(c1(ts, ms), ca(ts, z4))} where the functions ¢ (¢, 2) and es(t, x)
are continuous and satisfy the following conditions:

(C1) e1(Vo, ) = 01("), c2(Po, ") = o2(-);
(C2) Ailer] = e1; Azfea] = e
(C3) there exists y[] € Sol(t.,x.) such that

The main
result

1t y(t)) = c1(te, xs), ca(t,y(t)) = calte, zx) VE € [ta, Vo).



Sufficiency. The penalty strategies are used.
Necessity. Let (J1,J2) € N (L, x4).

Put fori =1,2

ci(t,r) = max mi\r}l o1(ts, x(ts, t, x,u,v)),

The main uweP ve
result

c;f(t,a:)é sup o;(z(do, t, x,u,v)),
uel ,vey

A(t,x) 2 max{c} (t,x), min{J;, ¢ (t,2)}}, i=1,2,
A ALY, i=1,2, keN.

ci(t,x) & klin;o cF(t,x).

The pair (c1, c2) satisfies the condition (C1)—(C3) at the position
(tsy ).



Equivalent Formulation of Condition (C2)

m The function ¢ is upper minimax (viscosity) solution of
equation

% + Hyi(t,z,Ve) =0
m The function cg is upper minimax (viscosity) solution of
equation
¢\ Hy(t,z,Ve) = 0
8t 9 ) *

Here the function H; is defined by the rule

Hy(t,z,s) = Teaﬁiréiél(s’f(t’x’“’”»’

the function Hs is defined by the rule

Hy(t £ i t .
1(t,x, 8) gleaécggg(&f( , X, U, V))

The definitions of minimax solution are given in [Subbotin, 1995].



Equivalent Formulation of Condition (C3)

There exists closed set E C [tg, Po] X R™, (t«,z.) € E, such that
the graph gr(cy, co; F) is weakly invariant under differential
inclusion

z flt,x,u,v)
1 € F*(t,z) = co 0 uePveQ
Z9 0

Here gr(cy, co; E) denotes the graph of restriction of (c1,¢2) on E.
gr(cy,co; E) 2 {(t,z,c1(t, ), ca(t, @) : (t,7) € E}.



Equivalent Formulation of Condition (C3)

There exists closed set E C [tg, Yo] X R™, (t«,z.) € E, such that
for all (¢,x,21,22) € gr(ey,co)

coDy(gr(er,co; B))(t, x, 21, 22)} NF*(t,x) # 2.

Here D, (gr(c1,co; E))(t,x, 21, 22) is right-side derivative of set
gr(ey, co; E) for (t,x, 21, 22) [Guseinov, Subbotin, Ushakovl]:

Dy(gr(c1, c2; B))(t, @, 21, 22) = {(97C1,C2) :(9,¢1,¢2) ¢

hl(;nl%nf d((x + 69,21 + 8¢, 22; 0C2), gr(cy, co; Eit)) O},

grcy,co; Eit) 2 {(z, 21, 22) : (t,2, 21, 22) € gr(cy, a5 E)}.




System of HJ Equations [Basar & Olsder]

Let v1,72 : [to, Yo] X R™ — R satisfy the following conditions
Yi(Yo,-) = 0i(+), 1=1,2

Ii(t, @) n < 07t )

ot oz »f(t,x,u(t,x)yv(t,x))> —0, i=12

Here

<W7f(t,x,ﬁ(t,x)’@(t7x) > _
0

uepr ox
<8723(5;13)’f(t’x’“(tyﬂf),f)(t,x)) -
= max < 6728(;5; z) f(tz, At @), U)>



Theorem 2

If functions +;, © = 1,2 are continuously differentiable and provide
the solution of system of Hamilton-Jacobi equations then for all
(ts,x4) € [to,Po] X R™ the pair of functions (y1,72) satisfies the
conditions (C1)—(C3).



Example

Differential game
t€[0,1], u,v € [-1,1]

—
. 8.
[
IS

Example
Functionals
A

o1(z,y) = —lx —yl, oa2(x,y)

[I>



The fixed point of operator A,

Denote by cj the least function satisfying the conditions
a1, ,y) = 01(2s,94) = —|z —y|, Ailea] = cr.
The Programmed Iterations Methood gives that

&S = —|Tw — sl
Let
of (tae,y.) =
= max{o (x[1], y[1]) « (=[], y[]) € Sol(t, z., y.)} =
= min{—|z, — y.| +2(1 —¢),0}.

Example

The functions

for B € [0,¢f (1,24, v.) — ¢S (1, 24, y.)] satisfy the conditions:
cf(l,ac,y) = Ul(mvy) = —|.’13 - y|7 Al[cﬁ = Cf'



The fixed point of operator A,

Conditions c¢1(1, 4, yx) = 01(2«, y«) and A;[c1] = ¢1 imply that

1(
c1(t, T, ys) € [S(E, Tu, Yu)s cf(t,x*, Y )]

Moreover
{cf(t,x*,y*) B €0, (1,2, y4) — S (L, 20, y0)]} =
= [} (t, z,y), ¢f (t,2,9)].

Example



The fixed point of operator A,y

Only the function
et my) =y + (1 1)
satisfies the conditions (C1) and (C2): ¢5(1,z,y) =y, A2[c3] = ;.

Example



The set of N-values

Case x, < y.. If pair (¢, c}) satisfies the condition (C3) at the
position (¢, x,y.) then one can directly shows that

c1 = —|Tx — Yul.

Therefore,

Ntz ys) = {(=lze —yul sy + (1 = 1))}

Case z, > ys. If B €[0,¢f (1,24, y4) — ¢$(1, 7, ys)] then the pair
(cf, o) satisfies the condition (C3) at the position (t, ., y«).
Therefore,

N(t’x*ay*) =
= [=lze = yul, minf0, —fz —yuf +2(1 =)} x {y. + (1 - )}

Example



The System of HJ Equations Approach

A (’ m+mwwxw = 0.

{W+%M )+ Pt ay) =0

Boundary conditions: v1(1,z,y) = —|z — y|, 72(1,z,y) = .
Here u.(t,z,y) and v.(t, x,y) satisfy the conditions

Example

om om om _ o
%u*(t x,y) = max {axu} ) %v*(tw,y) =max | - v .

ueP ueP

There are no classical solution of this system.



The System of HJ Equations Approach

The minimax (viscosity in sense of Crandall and Lions) solution is
unique. It is equal to

xr—y, CCSy,
ntzy) =9 —e+y+2(1-t), v>y,—z+y+2(1-1) <0,
0, x>y, —x+y+21—-¢)>0

Example

VQ(tawvy) = C;(taxvy) =Y + (1 - t)

Property:
y(t,z,y) = max{J; : 3J2(J1, J2) € N(t,z,y)}.
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