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Game-theoretical control problem

Conflict-controlled system
= f(x,u,v), (1)
tel0,9], zeR" ue P, veQ.

Here w € P and v € @) are the controls of the first player and
the second player respectively.

M C [to,ﬁo] x R™.

M is closed.
F=MWY={z: ,x) e M}.
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Purpose

Original Target Set Transformed Target Set
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Conditions

e P and @) are compacts in finitely dimensional spaces.
e f is continuous;
o f is locally lipschitzian with respect to z;

o f satisfies the sublinear growth condition with respect to x.

We consider differential games in the class of counter-strategies of
the first player and feedback strategies of the second player (advan-
tage of the first player).
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Formalization introduced by N.N. Krasovskii and A.I
Subbotin

Step-by-step motions

Let U : [0,9] x R™ x @ — P be a counter-strategy. Let (t.,z)
be a position, let A = {r;}}¥; be a partition of [t., 9], let v[] be
a measurable of the second player. Then step-by-step motion is
a solution of following equations:

2lt] = 2fri1] + / F(@1€], U rin, i), vle]), v]E]) e,

t e [Ti_l,TZ‘], x[’i‘o] = Tx.

The limits of step-by-step motions as fineness of partition tends
to 0 are called constructive motions in sense of N.N. Krasovskii
and A.I. Subbotin.
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Structure of solution

By Krasovskii-Subbotin alternative theorem:
@ The set of solvability of approach problem is u-stable
bridge;
o The counter-strategy extreme to the maximal u-stable
bridge is optimal.
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Definition
A set W C [0,9] x R™ is called u-stable bridge if
V(ts, xs) € W Yo, € @ Jy(-) such that

y(t) € co{f(y(t),u,vs) : u € P}, y(ts) = s, 30 € [ts, ] :
((6,4(0)) € M)& ((t,y(t)) € W Vi € [¢.,0]). |

Counter-strategy extreme to the set W

Let (t«,z.) be a position, v, € Q. Let w, be a proximal to x,
element of Wt,].

Ulty, T, vs) = argmin{(wy — 24, f(24, u, v4)) : u € P}.

Here M is target set,

E[t] 2 {z € R": (t,x) € E}.
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[saacs condition

For all 2,s € R"

min 1516%@ f(z,u,v)) = rqgleagggys, f(z,u,v)).

If Isaacs condition holds then there exists optimal feedback strat-
egy of the first player U(t,z). This strategy is extreme to the
maximal u-stable bridge.

<
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Original problem

Conflict controlled system

T = f($7uvv)a (1)
tel0,9], zeR", ue P, veQ.

Variable u is a control of the first player, variable v is a control
of the second player.

Target Set
Suppose that M is controllability set of the control system
g(z,w), w € Q, and the target set M* = {9} x F:

M = {(t,x) € [to,P] x R" : Az, € F' 3 measure p :
T = @g(tvﬁal'*mu)}‘

v

o "= M[v],

® ¢y(-,V, x4, ) is a motion of controlled system
T =g(x,w), w e Q, generated by measure p.

Yurii Averboukh Transformation of Control Problems



Transformed problem

Conflict controlled system

z = f*(z,v,u,w,v),
zeR" ve{0,1}, ue P, weQ, veQ.

Variables u, v and w are controls of the first player, variable v is
a control of the second player.

f*({L',I/,u,w,U) :l/'f(l‘,u,l))—i-(l—y)'g(l',w) =

Target set

M*2 {9} x F

Yurii Averboukh Transformation of Control Problems



Programmed iteration method (A.G. Chentsov)

Program absorption operator
A(FE) is

the set of positions (t.,x.) € E for whose under any control
of the second player there exists measure-control bringing the
system on target set M within the set E.

Sequence of sets

W() = [0,19] X Rn;
Wk = A(kal), k € N.

W= (") W
keN

20 is the set of solvability of approach problem.
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Designation

Original system

The set of solvability of
approach problem is denoted
by 20.

Transformed system

The set of solvability of
approach problem is denoted
by 20*.

Operator of program
absorption is denoted by A.

Operator of program
absorption is denoted by A*.

V.

Wk £ Ak([to,ﬁo] X Rn),

ke NU{0}.

Wi & (49)"(to, 9o] x R™),
keNuU {0}.)
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Designation

Fuv is a flow for time 7 generated by the constant controls
u € P and v € @) in the system

= f(x,u,v).

Gl is a flow for time 7 generated by the constant control w € €2
in the system

= g(z,w).

Yurii Averboukh Transformation of Control Problems



Theorem

Assumption

Forallue P,ve Q,w e Qu7' 7" >0 flows .7-"5:1, and g7
commute:

T/ 7_// _ T// T/
fu,vogw - gw ofu,v'

v

Q@ Wy=W;VkeN;

Q W =W,

@ if original system satisfies [saacs condition then the
transformed system inherits this property.
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Case of smoothness

For all u, v and w f(-,u,v) and g(-,w) are smooth functions.

/ 1 .
Flows F; , and G, commute iff

[f('auvv)7g(',UJ)](iE) =0
VreR" Yue P YveQ Yw e Q.

Here
W val() = 220y ) - Ty
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Cylindric target set

Original system

M =[0,9] x F, F CR".

g(z,w) =0, Q={w}
[f(-,u,v),00 =0

Transformed system

T =uof(z,u,v), t€[0,9], z€R" upe€{0,1}, ue P, veQ.

M ={9} x F, F C R".

Statement 2 of Theorem for this case is obtained in Mitchel
ILM., Bayen A.M., Tomlin C.J. // IEEE Trans.Aut. Control,
2005, 50, 7.
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Pointing at sinking island

Original system

y,zER™ ue PveQ@, d=1.
M:{(taywz):te[oal]anynSl_tv ZZO}

Q={weR™: |w| <1},
9(z,w) =g(w) =w.

[f(y7 Z? u? ,U)’ g(w)] =

(0 0)(un )0 0) (% )=0
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Pointing at sinking island

Original system

y,zER™ ue PveQ,d=1.
M:{(tvywz):te[O)l]aHyH <1-t, ZZO}

Transformed system

{yz voz+(1-v)-gw)
= v - h(u,v).

y,z€ R™ ve{0,1},ue Pbweve@,v=1.
M*={(ty,2):t=1, y=2z=0}

Q={welR™:|w| <1}
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Questions? |
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