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Purpose and Problem

Purpose:

Determine the set of values of differential games.

Problem:

Let the function ¢(-,-) : [to,Yo] X R™ — R be given. Design
finitely dimensional compacts P and ), dynamic function

£ [to, o] x R" x P x Q@ — R and payoff function o(:) : R — R
such that function ¢(-,-) is a value of differential game

T = f(t,z,u,v), t € [to,P], reRue P, veEQR

with payoff functional o(z(dp)).
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Conditions

Conditions on sets

P and @ are compacts in finitely dimensional space.

Conditions on f

F1. f is continuous;
F2. f is locally lipschitzian with respect to z;
F3. for all t € [tg,J0], r e R", u € P, v e Q

1f (8 2w, )| < Ap(l+[l]])

Conditions on o

S1. o is continuous;
S2. for all z € R™

|o(2)] < Ay (1 + [|z[))-
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Hamiltonian of Differential Game

We consider differential games in the class of quasi-strategies of
the first player (advantage of the first player).

H(t = i t .
(t,7, 5) £ maxmin(s, f(t,,u,0)) J
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Properties of Hamiltionian

H1. (sublinear growth condition) for all
(t,x,s) S [to,ﬁo] X R"™ x R"
|H (2, 5)] < Aglls]|(1+ [|l]]);
H2. for every bounded region A C R™ there exist function
wy € Q and constant L 4 such that for all
(', 2,8, (", a",s") € [ty, 0] x A x R" the following
inequality holds:
IH({,2',s") — H(t",2",s")|| <
S w(t/ _ t”) + LAH:B, _ :L',/H"—
+ Ap(1+inf{ |||, 2" [ })lls1 — s2ll;

H3. H is positively homogeneous with respect to the third
variable: if o« > 0 then

H(t,z,as) = aH(t,z,s).
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[saacs-Bellman Equation

Equation:

ot

Boundary condition:

Minimax Solution [A.I. Subbotin]

Function ¢ is a minimaz solution if for all (¢, x) € (tg,Jp) x R"™
the following inequalities hold:

a+ H(t,2,5) < 0¥(a, 5) € Dyp(t,2);
a+ H(t,z,s) >0V(a,s) € Dio(t, z);
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Dini Subdifferential

Lower Dini Derivative
Let 7 € R, g € R™.

dpp(t,z;7,9) £ lim inf p(t+ 07,2 +559) — o(t, )

v

Dini Subdifferential

Dyp(t,z) £ {(a,s) CRxR":V(r,g) € R x R"
at + (s, 9) < dpp(t,z;7,9)}

v
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Dini Superdifferential

Upper Dini Derivative
Let T € R, g € R™.

do(t, z; 7, g) = lim sup plitoma +559) — ¢(t, z)
0—0

v

Dini Superdifferential

Do(t,z) £ {(a,s) CRx R":V(r,g) € R x R"
at + (s,g) > d$¢(t,x;7,g)}.

v
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Property

If D5p(t,z) # @ and D p(t, z) # @ simultaneously, then
D D
(t,x) € J and

DBSO(tvl’) = DBQD(t,.’L’) - {(a@(tvx)/au v@(t7x))}'

Here
o (Dp(t,z)/0t,Vp(t,x)) is total derivative;
o J denotes the set of points z at which function ¢ is

differentiable. By the Rademacher’s theorem measure
[to,’lgo] x R™ \ J is 0.
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Clarke Derivatives

Lower Clarke derivative

1
dge(t,z;m,9) 2 liminf  —(p(t +ar,2" + ag) — (¥, 2')).

' —x,t' —t,a—0

Upper Clarke derivative

L

d&et, ;7. g)

1
limsup —(o(t' + ar, 2’ + ag) — p(t',2')).

o' =zt —t,a—0 &

Clarke subdifferential

There exists convex compact dcip(t, ) C R x R™ such that

dao(t,z;T,9) = min at + (s, g},
C]SD( 9) (a,s)€801<p(t,a:)[ (s,9)]
dérl@(t,II);T,g) = max [a7_+ <8,g>]

(a,s)Edc1e(t,x)
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Properties of Clarke subdifferentials

Dpo(t,z) C dap(t, ), Dfe(t,z) C dap(t, ).

Representation

darp(t,z) = co{(a,s) : Hti, i}, C J:
a = lim Op(t;,z;)/0t, s = lim Vo(t;,z;)}.
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Main Idea

Let ¢ : [to,J9] x R™ — R be local lipschitzian function such that
©(Wo, -) satisfies sublinear growth condition. J

@ Design a set E C [tg, Yg] x R™ x R™ and function
h:E — R" in accordance with the function ¢.

@ If the set E and functions h and ¢ satisfy some conditions,
function ¢ is a value of some differential game.

@ Extend h to the whole space [tg, ¥o] x R™ x R™.

@ Design control spaces P, () and a dynamical function f in
accordance with the extension of h.

E=E; UEy;
E; = {(taxas) : (ta x) € [to,ﬂo] xR", se€ Ei(tvx)} 1=1,2.
Set-valued maps F1(t,z) and Es(t,x) are defined below.
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Points of Differentiability

Let (t,z) € J. Put
El(t’x) = {V(P(t?x)};

Condition (E1)

For any position (¢, z.) ¢ J and any sequences
{(Hha)}o, {2}, < J such that (£,a]) — (e 22),

R Rt )
i — oo, (t7,2) — (t«,x4), i — 00, the following implication

holds:
(lim Vep(t}, 2f) = lim Vo(t],2})) =

; (Rt}
71— 00

(lim At} i, Veolt), ) = Tim h(t!, at, Vit ).
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Points of nondifferentiability

Limit Directions

Let (t,z) ¢ J. Put
Ei(t,z) 2 {s e R": I{(t;,x5)} C J :
lim (¢, ;) = (t,z) & lim V(t;, z;) = s}.

Ey(t,z) is nonempty and bounded.

Hamiltonian in limit directions

h(t,z,s) 2 lim h(t;, z;, Vio(ts, x;))

V{(ti,zi)} C J: lim (t;,2;) = (¢, 2) & s = lim V(t;, ;).
1—00 1— 00

Property

Ocip(t, z) = co{(—h(t,z,s),s) : s € Ei(t,z)}.
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Designation

CJ~ 2 {(t,x) € (tg,99) x R"\ J : Dpo((t,x)) # 2};
CJ* 2 {(t,2) € (to,90) x R" \ J : Dp((t,2)) # 2.
Property: CJ- NCJT = @.

If (t,z) e CJ,
Ey(t,z) £ {s€R":Ja € R: (a,s) € Dyp((t,x))} \ E1(t, x);

if (t,z) € CJT,
Ey(t,z) £ {s€R":Ja € R: (a,s) € DEp((t, )} \ E1(t, z);

if (£, 2) € ([to, o] x R™) \ (C.J— U CJ+)
Es(t, x) = 7,
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Designation

E(t,z) = Ei(t,z) U By (t, x).
BA(t,2) £ {ls| s : s € B(t,2)\ {0}

Subsets of [tg, Jo] X R™ x R"

Ei 2 {(t,x,s): (t,x) € [to, Vo] x R?, s € E1(t,x)},

Eo 2 {(t,x,5) : (t,x) € [to, Vo] x R?, s € Es(t,z)},
E £ EjUEy = {(t,2,5) : (t,x) € [to,P0] x R*, s € E(t,z)}.
Ef £ {(t,z,s) : (t,x) € [to, 9] x R", s € Ei(t,z)}.
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Main Result

Let ¢ : [to, J9] x R™ — R be local lipschitzian function such that
©(J, -) satisfies sublinear growth condition.

Theorem

Function ¢ is a value of some differential game with terminal

payoff functional if and only if the function A defined on [E; is
extendable on the set Eg such that conditions (E1)—(E4) hold.
(Conditions (E2)—(E4) are defined below.)
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Condition (E2)

If (¢,x) € CJ~ then for any si,...sp42 € E1(t,s)
ALy -y Ant2 € [0,1] such that

Z >‘k: = 1) (7 Z Akh(tv z, Sk)a Z )‘ksk) € D_‘P(ta :L‘)
the following inequality holds:

n+2 n+2
h <75,93, Z)\k&’k> <> Neh(t,x, s);
k=1 k=1

If (t,2) € CJ* then for any sq,...s,42 € E1(t,s)
ALy -y Ant2 € [0,1] such that

YA =1, (=2 Mh(t,z,58), Y Aesk) € DTt )
the following inequality holds:

n+2 n+2
h <t7xazAk3k) > Z)‘kh(tax78k)7
k=1 k=1
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Condition (E3)

Condition (E3)
e if 0 € E(t,z), then h(t,z,0) = 0;

e if s; € E(t,z) and s3 € E(t,z) are codirectional (i.e.
(s1,52) = [|s1]l - [[s2])), then

Is2ll(t, z, 51) = [|s1]|A(t, z, s2).

Function hf : Ef — R
Y(t,x) € [to,Jo] x R™ Vs € E(t,z) \ {0}
Wit a,||s]| 7 s) = ||s|| " h(t, 2, 5).
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Condition (E4)

Sublinear growth condition

there exists I' > 0 such that for any (¢, x,s) € E? the following
inequality is fulfilled

hi(t, 2, 5) <T(1+ [l])-

Difference estimate

For every bounded region A C R” there exist Ly > 0 and
modulus of continuity w, such that for any
(t' 2, s, (", z",s") € BF N [ty, 9] x A x R™ the following
inequality is fulfilled
Hhh(t’,x’,s’) - hh(t”,x”,sﬂ)H < wA(t’ - t”)—i—
+ Lalle’ — 2"|| + T(L + inf{[l’]], =" [ })lls" — s"|I
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A method of extension

Let ¢ : [to,J9] X R™ — R be local lipschitzian function such that
©(Vo, -) satisfies sublinear growth condition.

3
3
3

Corollary
Suppose that h as function defined on [E; satisfies the condition
(E'1). Suppose also that the extension of h on Eg given by the
following rule is well defined: for all (t,2) € CJ~ UCJ™,
s € Ey(t,x), 81,y 8n42 € E1(t,2), M, ..., Any2 € [0,1] such
that Z)‘Z =1 Z/\isi =S
n+2
h(t,z,s) Z)\ h(t,z,s;).

If function h : E — R satisfies the conditions (E3) and (E4),
then ¢ is a value of some differential game with terminal payoff
functional.
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Positive Example

Let n=2,t=0, ¥ = 1.
p1(t, 1, T2) =t + |z1| — |72

For x1,x9 # 0 h(t,z1,z2;sgnx1,sgnrs) = —1.
For x1 =0, 22 #0 h(t,0,x9; £1,sgnze) = —1.
For 1 #0, 2o =0 h(t,z1,0;sgnz;, £1) = —1.
For x1 =22 =0 h(t,0,0;+1,4+1) = —1.

J ={(t,z1,22) : x122 # 0}.
CJ™ ={(t,0,z2) : z2 # 0},
CJ+ = {(t,ml,O) I 75 0}.

The extension is designed with the help of Corollary.
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Negative Example

Letn:2,t0:0, 190:1.
2(t, 1, 22) = t(|z1] — [22).

J = {(tamlal?) S (07 1),$1$2 ?é 0}
J E(t,x) ={(t sgnzy,t-sgnrs)}.
h(t,z1,z9;t - sgnwy, t - sgnze) = |x1| — |22l
Eo £ {(t, 21, zo; tsgnzy, tsgnas) : (t, 21, 12) € J}.
IEE) 2 [(t, 1, x0; 58081 /V2, 5020 /V/2) : (t, 21, 20) € J}.

For (t,z) €

Restriction of A? on EE) Let (t,x1,22) € J

] = ||

hh(t,m,mssgnm/\/ﬁ, tsgnry/V2) = T
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Scheme of Proof

Define payoff functional by formula o(-) £ ¢(dy, -)

Step 1
o Extend function h? defined on Ef to the set
[to, Po] X R™ x S, (S%) is k-dimensional sphere).
Denote this extension by h*.

@ Design the positively homogeneous function
H : [tg, o] x R™ x R™ — R which is an extension of h*.

| \

Step 2
Design finitely dimensional compacts P, @@ and function f in
accordance with H. )
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Statements

Corollary

If (-, ) is a value of differential game with advantage of the first
player, then (-,-) is a value of some differential game with
advantage of the second player. The converse is also true.

Casen =1

| A

The set of values of all-possible differential games coincides with
the set of values of differential game which satisfies Isaacs
condition.

A\
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