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Nonanticipative Strategies

Nonanticipative Strategies was suggested for zero-sum differential
games.

C. Ryll-Nardzewski, S. Karlin, E. Roxin, R.J. Elliott, N.J. Kalton,
P. Varayia and J. Lin, A.G. Chentsov et al.
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Nonzero-sum differential game

A .Baklano

onanticipa-

:tratc-gics &= f(t7 T, U’) + g(t> Zz, 'U>7
t € [to, %], z€R"” x(to) =20, ueP, veEQ.

u is the control of the Leader;
v is the control of the Follower.

Purposes
m The Leader wants to maximize o, (z()).

m The Follower wants to maximize op(z(d)).



Conditions

A .Baklano

onanticipa-
ti

Strategies The sets P and ) are compacts.

m The functions f, oy, and o are continuous;

m The function f is locally Lipschitz continuous with respect to
the phase variable;

m The function f satisfies the sublinear growth condition with
respect to x.

m The sets {f(¢t,z,u) : u € P}, {g(t,x,v) : v € Q} are convex.



Controls

U = {u(-) is measurable}.
V = {v(-) is measurable}.

Nonanticipative Strategy of the Leader

a 'V — U such that
the equality vy (t) = va(t) for t € [to, 7] implies
the equality afv1](t) = afvs](t) for t € [to, T].



The motion

Denote by (-, u(:),v(-)) the solution of the initial value problem
T = f(t7x’u(t)) + g(t7x’v(t))v l’(to) = Zo.

The strategy of the Leader a and the control of the Follower v(+)
forms the motion z[-, o, v(")]:

&= f(t,z, a](t) + g(t, z,v(t)), x(to) = xo.



Stackelberg Solution

The Follower knows the nonanticipative strategy of the Leader «.

Set of the optimal controls of the Follower:

V'] & {0 () s or(eldo,0,0.()]) = max or(edo,0,v()]) -



Stackelberg Solution

The strategy of the Leader a* and the control of the Follower
v*(-) are the Stackelberg Solution if

m v*(-) € VP[a*];

max max o (z(d, a,v(")) = opn(x(o, a”,v*(+)]).
@ v(-)eV?|a]



Auxiliary zero-sum game

The Follower wants to maximize op(z(dp)), the purpose of the
Leader is opposite. Denote the value of this game by
Wp [to,’l?o] x R™ — R.

Characteri-
zation

Wr(te, z4) 2 minm(a?ap(x[ﬁo,t*,x*7a,v(~)]).
a (-



Auxiliary set of controls

Characteri-

zation

AZ{(u(),0() s wp(t 2(t) < wp (Yo, 2(¥o)),
t € [to, do], () = a (- ul-),v(-))}-



Necessary Conditions

) Theorem
Characteri-

zation If (a*,v*(:)) is the Stackelberg Solution then
m (a*for())], v () € A
m max{oy (z(do,u(-),v(-))) : (u(-),v(-)) € A}

= or(z[d9, a*, v*(-)]).



Sufficient Conditions

Theorem

Let 4(-) € U and () € V satisty the following conditions
n (@(),5()) € A
m max{or(2(do, u(-), v(-))) : (u(-), v(-))

)
= or(z(do, a(-

€ A}
):0()))-

Then there exists the Stackelberg Solution v*(+)) such that

(o
vt () =9(), o*o()] = ﬂ()



Existence

Characteri-

zation

There exist at least one Stackelberg Solution (a*,v*(+)).



Feedback Strategies

u(t, x) is a feedback strategy of the Leader;
v(t,x) is a feedback strategy of the Follower.

The strategies u(t,x) and v(t,z) generate the motion

x(~7u(~, ~)7’U(-, ))



Stackelberg Solution in the class of Feedback
Strategies

The strategy of the Leader is known to the Follower.

Set of the optimal strategies of the Follower:

V()] 2 o) or @ (o, ul-,), 00, )
= maxop (o, u(- ), i, )}



Stackelberg Solution in the class of Feedback
Strategies

The pair of strategies (u*(-,-),v*(-,-)) is the Stackelberg Solution if
u U*(-, ) € Vb[u*('7 )]a
u UL(x(ﬂOvU*(" ')’U*(" ))) =

max max or(x(¥g,u(-,-),v(-,))).
u(s) v(-,)EVE[u(:,)] (@ (o, ul:,-),v(--)))



Characterization

Let (u*(-,-),v*(+,-)) be the Stackelberg Solution. Denote
$*() = 1‘(', u*('7 ')7 U*('v ))7
u () = u*(t, 2" (1), v (t) =v"(t, z"(¢)).
Properties
m (ur(-),07() € A;
m max{or(2(do, u(-),v(-))) : (u(-),v(-)) € A} =
= or(z(Vo), u”(),v"("))-



Characterization

Let u*(-) and v*(-) satisfy the following properties
. (0(),0°()) € A
w max{or (z(do, u(-), v(-))) : (u(-),v()) € A}
= JL(x(1907U*(')7v*(')))'

Then there exists the Stackelberg Solution (u*(-,-),v*(-,-)) such
that



Example. The game

t €[0,1], u,v € [—-1,1],
Example l’(O) = Zo, y(O) =7Yo0-

The Leader wants to maximize o (z,y) £ .
The Follower wants to maximize or(x,y) £ —|z — y|.



Auxiliary zero-sum differential game

WF(taxvy) = —|£L' - y|

A is the set of controls (u(-),v(+)) satisfying the following
condition.

m if 2y > yo then v(t) > u(t);
m if yg > xo then

Example u(t) Z ’U(t), t S T
= U(t), t> T3

here 7 is defined by the equility

Zo +/ u(t)dt = yo +/ v(t)dt.
0 0



Case xg > 1

Example




Case yo > o

8= {ye + 1} x [~|zo - pol,
min{—|z. — y.| +2,0}]

Example

“Fy

P =1
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